Published by Institute of Physics Publishing for SISSA Received: March 22, 2005 Accepted: May 31, 2005 Published: June 28, 2005

Topological mirror symmetry with fluxes

Alessandro Tomasiello

ITP, Stanford University Stanford CA 94305-4060, U.S.A. E-mail: tomasiel@stanford.edu

Abstract: Motivated by SU(3) structure compactifications, we show explicitly how to construct half-flat topological mirrors to Calabi-Yau manifolds with NS fluxes. Units of flux are exchanged with torsion factors in the cohomology of the mirror; this is the topological complement of previous differential-geometric mirror rules. The construction modifies explicit SYZ fibrations for compact Calabi-Yaus. The results are of independent interest for SU(3) compactifications. For example one can exhibit explicitly which massive forms should be used for Kaluza-Klein reduction, proving previous conjectures. Formality shows that these forms carry no topological information; this is also confirmed by infrared limits and old classification theorems.

Keywords: String Duality, Superstring Vacua, Supersymmetry Breaking, Differential and Algebraic Geometry.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep062005067 /jhep062005067 .pdf

Contents

1. Introduction 1

2. Topological mirrors 3 2.1 Review of the SYZ fibration for the quintic 3 2.2 Cycles 6 2.3 Leray-Hirsch spectral sequence 8

3. Mirrors to NS flux 10 3.1 Monodromies and Chern classes 10 3.2 T-duality, topology and SU(3) structures 11 3.3 Mirror to the quintic with H 13

4. Topology, metric, and compactifications 16 4.1 A basis for KK reduction 17 4.2 General SU(3) compactifications 20

1. Introduction

String theory compactifications on Calabi-Yau manifolds have great mathematical sophistication but little phenomenological use. Addition of fluxes leads to much more realistic alternatives. In these, in general the supersymmetry is spontaneously broken; dually, one can instead allow the manifolds to have SU(3) structure rather than holonomy. Combining the two effects one can get a large variety of supersymmetry breakings, as well as some cases in which some supersymmetry is preserved by the vacuum. Unfortunately, in many respects common SU(3) structure manifolds have so far revealed much less complexity than their more prestigious Calabi-Yau subclass. Maybe string theory can change that.

Questions about low-energy theories on a Calabi-Yau are answered clearly in terms of its topology and algebraic geometry, without ever writing (or being able to write) metrics. On SU(3) structure manifolds, can we still write the spectrum and some of the interactions? what depends on the topology and what on our choice of a metric or of a different structure?

Let us start from what is known. First of all, for compactifications of type-II theories it has been argued in [1] that existence of SU(3) structure is enough to ensure that the four-dimensional action have N = 2 supersymmetry. Basically this is because we want a well-defined internal spinor to reduce supersymmetry transformations from ten to four. Remember that SU(3) structure is just a topological condition; it can be rephrased as W_3 = 0 (a Stiefel-Whitney class) and c_1 = 0. Of course such a mild requirement will not guarantee anything on vacua: as we said, in these theories supersymmetry will be spontaneously

– 1 – broken. (Something similar happens when we introduce fluxes but we force the manifold to stay Calabi-Yau.) But we can already hope to use the power of supersymmetry in some way.

Let us turn for a moment to a related problem: that of classifying N = 1 vacua. One can draw a correspondence between fluxes of type-II and the differential-geometric classification of SU(3) structures, which gives some kind of handle on the geometry, a technique demonstrated in many papers, starting from [2]. In the ensuing jungle of possibilities, somehow elegantly [3] the manifolds are always either complex or symplectic, making one hope that one could use topological strings. Note also that vanishing c_1 was already assumed above. Moreover, the NS fields come in a form suggestive of mirror symmetry.

In fact, there may be a deeper reason for this mirror symmetry to appear. Usual Calabi-Yau mirror symmetry is inferred by comparing supersymmetric sigma models which correspond to vacua of the four dimensional effective theories. If we have spontaneous symmetry breaking, we do not know anything about vacua. But in any theory there are many solutions other than vacua. It is enough to give up independence on spacetime; we can in this way realize domain walls and other defects, which can a priori be supersymmetric. Much in this spirit, [1] found evidence for mirror symmetry in certain theories with spontaneous supersymmetry breaking. Some of these theories were obtained from compactifications on manifolds of SU(3) structure but not Calabi-Yau. Later [4, 3] elaborated further on this mirror symmetry.

These are encouraging results. They have been obtained, however, by somewhat indirect arguments, and in particular without knowing what is the general four-dimensional theory obtained by compactification on a manifold of SU(3) structure. For example, even the example considered above involved certain conjectures on the spectrum of the laplacian on the internal manifold (or, as we will argue, on the signature operator).

I will take here some first steps in that direction. I will consider a concrete example and then try to take advantage from it to infer some general ideas. These are roughly speaking the contents respectively of section 3 and 4.

What is called here an “example” may disconcert some. I do not give any metric or detailed expressions on the SU(3) structure. I concentrate instead on the topology, and on some indirect differential-geometric properties. I explain along the way why this is enough to make some steps forward; a paradigm to keep in mind is of course the Calabi-Yau case, in which no metric is ever required. In the present context this is less obvious, as we may seem to require information on the spectrum of the laplacian, for example.

The class of examples is basically making more concrete the ones considered in [1]. The strategy is to modify certain SYZ constructions previously introduced by several mathematicians. These constructions are reviewed in detail, and straightforwardly elaborated on, in section 2; much of the attention will be restricted to the case of the quintic, to fix ideas. Moving on, in section 3 we explain why and how the mirror quintic gets modified. We will be able to identify in certain torsion groups the mirror of the integral part of the NS field, its flux. It will be interesting to compare this with previous results [4] about the differential-geometric (as opposed to topological) part of mirror symmetry. In the final section I will try to infer general statements about the structure of the four-dimensional

– 2 – theory, in particular trying to justify a posteriori some of my statements above, that explicit knowledge of the metric should not be required in order to deal with compactifications on manifolds of SU(3) structure. One of the points in this argument is the topological classification of six-manifolds, which, as we will remark, fits nicely with the data needed to define an N = 2 supergravity.

2. Topological mirrors

In this section we will review a topological construction of SYZ fibrations for Calabi-Yau manifolds due to various authors [5 – 7]. We will mainly follow ideas in [5], emphasizing however aspects that we will need later.

2.1 Review of the SYZ fibration for the quintic

The SYZ conjecture [8] says that every Calabi-Yau is a special lagrangian T^3-fibration with singular fibres, and that mirror symmetry is T-duality along the fibres. It is a consequence of including branes in mirror symmetry. It is still unproven; but if we forget about the special lagrangian requirement it is by now very well understood. The quintic is the example which has been considered first, the clearest one and hence the one we will consider here. It is understood that most of what we say has generalizations to complete intersections in toric manifolds.

Rather than merely recite the construction, we will try to justify it in steps, skipping or sketching details along the way.

First of all, it is easy to see that the base B of the fibration has always H^1(B, R) = 0; the argument is similar to the one that establishes that the fibre is T^3. The mirror of a brane on the base should be a brane on the whole mirror Calabi-Yau; this brane is rigid (it is O_{CY} ), and hence also the original should be rigid. Deformations of a special lagrangian brane are given by its H^1, which gives the desired result.

For the quintic there is a natural way to see what this base is; it is topologically a S^3. Remember that it is the locus of a quintic polynomial in CP^3. In toric geometry, the polytope representing CP^3 is a four-dimensional “penta-hedron” whose five faces F_i, i = 1 . . . 5 are each a tetrahedron. One way of seeing this pentahedron is as base space of a T^4 fibration; on each face the fibre degenerates to T^3 in various ways. It is standard that the face F_i can be thought of as the locus {z_i = 0}, where z_i are the five homogeneous coordinates. Suppose we take as a particular quintic polynomial z_1z_2z_3z_4z_5 = 0. This consists of the boundary of the pentahedron, which is topologically the boundary of a fourball, that is an S^3. Moreover, as we said, on this boundary the fibre of the toric fibration is at most three-dimensional.

We are not done for several reasons. First of all, the quintic we have considered is a singular one: all the intersections F_i ∩ F_j are singularities. Second, on these loci the fibre of the toric fibration drops of dimension again, becoming a T^2.

Both problems can be solved by deforming slightly the polynomial we had taken, say by adding a small Fermat piece, ϵ(z^5_1 + · · · + z^5 ).

– 3 –

Figure 1: Amoebas in one and two complex dimensions.

To understand what will happen, we can take inspiration from lower-dimensional examples, for example a cubic in CP^2 (which is called an elliptic plane curve). A wellknown way to visualize this Riemann surface uses so-called amoebas, introduced in [9]. For an equation f(x, y) = 0 in C^2, this would be the image of the locus under the image (x, y) → (| log(x)|, | log(y)|). In our case, essentially we can perform this map in each of the usual three patches of CP^2 and glue the results. The result for a cubic curve is the interior of the solid lines in the triangle in figure 1. It is not hard to imagine a Riemann surface of genus one fibred over the amoeba inside the triangle.

The fact that there is one hole corresponds to the fact that there is one internal point in the toric diagram (the equation is cubic) and to the fact that the resulting Riemann surface is of genus one. If we had taken a polynomial of degree d, there would have been �_{d−1} 2 � points in the interior of the toric polytope; this number would have also been the genus of the curve. These facts all generalize from CP^2 to other toric Fano manifolds: the genus of a generic curve inside the Fano is always equal to the number of internal points, choosing the size of the polyhedron according to the degree of the embedding. There are many amusing proofs of these facts but we will not concentrate on this. Rather, let us go back to our fibrations: we can imagine a spine inside the amoeba, shown as the dashed line in figure 1. The Riemann surface can be S^1-fibred over this spine; the spine can be imagined as a deformation of the boundary. Had we taken, as for the quintic, a polynomial z_1z_2z_3 = 0 for the elliptic curve, the amoeba and its spine would have been pushed to the boundary of the triangle.

Of course it becomes harder to imagine all this in higher dimensions. Already imagining a quartic in CP^3, which is of course a K3, becomes less easy; on the right of figure 1 we have attempted a messy drawing of the intersection of the amoeba with the boundary of the toric polytope. Note that the intersection with each face is now a quartic in CP^2, which has genus 3, so we have three ovals per face. We can convince ourselves that things cannot be as easy as before by considering that now the “two-dimensional spine” would be an S^2; a T^2-fibration over an S^2 cannot give a K3. We know there have to be singular fibres. Where are these singularities occurring? a natural candidate answer is: where the amoeba meets the actual boundary of the toric polytope. One feature that this boundary did not have in the previous case was faces of codimension two: edges. The amoeba will meet each of these four times because the polynomial is of dimension four, just as in the

– 4 –

Figure 2: The discrimimant locus Δ and the singular fibres over it. Also shown are the regular T^3 fibres over points outside Δ.

previous case it was meeting each side three times. There are six edges in a tetrahedron. This gives a total of 4 × 6 = 24 such points. And it is well-known that this is the number of singularities of a T^2-fibred K3.

This gradual growth in dimensionality should hopefully make it now easier to imagine what will happen in complex dimension 3. The toric polytope is now a four-dimensional pentahedron; degenerations happen again on the intersection with the faces of codimension two, which this time are triangles. This intersection is now a quintic in CP^2, which has genus 6. The singular fibres lie on the solid graph in the triangle in figure 2. There are ten such two-faces in a pentahedron.

The picture shows the fibres over various points. Outside the graph, call it Δ, the fibre is a three-torus, which we show as a cube on which we have to imagine opposite sides identified. Δ is also called discriminant locus. On edges of Δ, a T^2 degenerates to an S^1, but the whole fibre stays three-dimensional. This is to be contrasted with toric fibrations, in which fibres drop of dimension on discriminant loci. It is not hard to see that these singular fibres F_{edge} are an S^1 times an S^2 with two points identified. The latter two-dimensional factor is the singular fibre which we had in complex dimension two, for the K3. In the picture it is also shown how the T^2 which degenerates is related to the direction of the line in the graph Δ over which it is a fibre. Over a vertex of Δ, the fibre F_{vertex} is where both T^2’s degenerate, giving rise to a cushion-like shape, again with its upper and lower faces identified.

Actually, these are not the only types of singular fibres. Where Δ meets the edges of this triangle, three two-faces actually meet, and we have another type of vertex. The fibre over those vertices degenerates differently. We are not going to make much use of those vertices, and anyway the situation around those is identical to what happens after T-duality around the vertex already considered, so we move on to consider the T-dual vertex.

This is what is depicted on the right of figure 2. Over a point outside Δ, the fibre is just the dual three-torus. What happens to the other fibres? We have to figure out what happens to T-duality as some cycles in the torus shrinks. On first thought one may think that the dual cycle will grow noncompact. Rescaling to keep those finite does not help, because all the rest would be then rescaled to zero.

– 5 –

The answer comes from considering monodromies around Δ. Not surprisingly, these monodromies are in correspondence with the topology of the singular fibres. One knows how monodromies transform under T-duality, and hence one can infer the topology of the dual fibres. Essentially what we are doing is, doing T-duality as we know it outside the singular locus, and then putting back in the singular fibres in such a way as the resulting space to be a manifold.

The singular fibres F̃_{edge} that one finds in the T-dual over an edge are of the same type as the original ones, F_{edge}, except the T^2 which degenerates is a different one. Looking at the common degenerating cycle of the two F̃_{edge} this time gives a different F_{vertex}: it has the shape that one would get from the intersection of two solid cylinders, and again we have to keep opposite sides identified.

This pictorial description of the discriminant locus will be useful in describing what the non-trivial cycles of the fibration are, which we will do in next subsection.

Before doing that, let us mention that, other than the SYZ procedure we have just described, there is also a more traditional way of thinking about the mirror in this context: the approach by Batyrev [10]. The first remark we can do is that a hypersurface in a toric manifold is Calabi-Yau iff the number of lattice points internal to it is one.^1 Now, we can project rays from this internal point to the polytope and get a collection of cones of various dimensions. This is not the toric fan of the manifold but what is called its dual fan. What is the toric fan itself? it turns out that it is the dual toric fan of the mirror manifold. In other words, Fan_{~M} = �Fan_M , where the tilde means “dual” (in the toric sense) on Fan, and “mirror” on M.

2.2 Cycles

If we believe this is the quintic, we must see somewhere in this fibration the famous 204 three-cycles, the one two-cycle and the one four-cycle. And once T-duality has been performed we must see that these cycles have been exchanged. What follows is a straightforward distillation of the mathematical literature, in particular [5, 11].

If the fibration were trivial and without singular fibres, one would have three one-cycles coming from the fibre, three two-cycles again coming from the fibre, one three-cycle from the base and one from the whole fibre. This is quite far from any Calabi-Yau we may be interested to study; for example it is far from being simply connected. Keeping fibres non-singular we cannot make the fibration non-trivial: the base has no cycles on which we may want to introduce monodromies, or no two-cycles on which we may want to have a non-trivial Chern class. We will come back on the distinction between the two later. Having introduced singular fibres the situation changes drastically: the one-cycles become trivial because they all shrink on some portion of Δ, as we have seen. Where are the twoand three-cycles?

We will first give a pictorial answer and then translate it into a spectral sequence that will be useful later. The basic idea has already surfaced in many context, and often also

1Notice that this dovetails nicely with the criterion given above for the genus of curves: in complex dimension one, a Calabi-Yau is simply a curve of genus one.

– 6 –

Figure 3: In green, a three-cycle which projects to a path (left), and its mirror (right).

Figure 4: In green, a three-cycle which projects to an hexagon (left), and its mirror (right).

in physics: the projection of a cycle to the base of a fibration with singular fibres need not be a cycle (which would be bad in our case, since there are none) but can also be a chain (not necessarily closed under the homology boundary operator on the base). For example we can take a path (not a loop) in the base, joining two cushion singularities. If we choose a random cycle in the fibre, the resulting chain will have a boundary: the fibre over the endpoints of the path. But if the cycle in the fibre shrinks to something of smaller dimensionality on the endpoints, there is no boundary, and we have a cycle.

For example, on a path from two cushion singularities, we can have a three-cycle. The picture shows how the cycle is wrapped on the fibres: as we said, the trick is that the dimension of this cycle drops. We have chosen a path which lies in Δ, but that is not essential. Dualizing this type of cycle produces a two-cycle in the mirror as shown on the right of the picture.

Another type of possible three-cycle is one in which the open chain in the base manifold is a “plaquette” of dimension two. It may for example fill one of the hexagons of the diagram in figure 2 and end on it. In figure 4 we show some of the degenerations involved; once again the idea is that the cycle in the fibre shrinks at the boundary. As also shown in the figure, the dual of this cycle is a four-cycle in the mirror quintic.

This way of producing cycles is standard. It is also instructive to look at the mirror cycles using the Batyrev construction we briefly described above. The mirror quintic is a hypersurface of a toric manifold whose polytope is dual to the polytope of the polytope of CP^4. It is again a pentahedron, but bigger.^2 Unfortunately there will be singularities in the mirror quintic, and to dispose of them we have actually to blow up the mirror

2To gain intuition about this one can again consider a lower dimensional example, for example the dual to the T^2 on the left of figure 1.

– 7 – polytope several times. Rather than trying to visualize this, we can remember that blowups correspond to adding one-dimensional cones (rays) in the toric fan. The toric fan and the dual toric fan are exchanged by mirror symmetry, and this means that the possible blowups of the mirror quintic can be seen as adding points in the boundary of the toric polytope for the original quintic; the one-dimensional cones will be joining the barycenter of the pentahedron with these points. These points are nothing else than the centers of the hexagons in figure 1, including those on the boundaries of the triangle. Let us count them. The internal ones are six per face. The ones on the boundaries are four per edge. These give 6×10+4×10 = 100. Then there are the five original vertices. This gives a total of 105 vertices in the dual toric polytope of the mirror quintic. It is known that one-dimensional cones in the fan, or vertices in the dual toric polytope, are in correspondence to divisors (holomorphic cycles of complex codimension one) of the manifold; moreover, there are as many relations among them as the dimension of the polytope. In this case this is four, so we have our 105 − 4 = 101 divisors.

Among these, focus on the divisors coming from the centers of the hexagons completely internal to one face. These four-cycles are nothing but the ones depicted on the right of figure 4, filling up the hexagon in the base. Also, consider the intersection of two neighbouring divisors. This is a two-cycle and is nothing but the cycle on a path depicted on the right of figure 3.

2.3 Leray-Hirsch spectral sequence

It will turn out to be useful to rephrase all this counting in yet another way. This spectral sequence (almost) computes the cohomology of the total space M of a fibration.

As usual for spectral sequences, it is made up of “pages” E^k_{p,q} each of which is an array, hence the indices p, q; we “turn page” computing the cohomology of certain differentials. From a certain point on the pages all look the same; this defines a last page E^∞_{p,q} which is related to the cohomology of M. Over R, it is sufficient to sum the diagonals to obtain the cohomology of the total space: H^i(M) = ⊕_{p+q=i}E^∞_{p.q}.

To be concrete, let us start from an easier situation, one that we will consider again later to gain intuition about T-duality. Namely, we could consider a T^3 fibration without singular fibres. In this case, the second page has as (p, q)-th term H^p(B, H^q(F )), so it looks like

E_2 :

H^0(B, H^3(F )) . . . H^3(B, H^3(F )) . . .. . . . H^0(B, H^0(F )) . . . H^3(B, H^0(F ))

(2.1)

I have been ambiguous about whether the coefficients are real or integer, on which I will say more later. Clearly the (p, q)-th term in this page represents forms with p legs along the base and q along the fibre. We will continue considering how the situation would evolve from now on for a general fibration. Then we will specialize to our case B = S^3 and F = T^3, which will be a bit anticlimatic.

The differential d_2 whose cohomology we have to take to pass from E_2 in (2.1) to E_3 is essentially multiplication by Euler class. To explain this, let us consider for a moment

– 8 – the case F = S^1, with coordinate ϕ. At the level of differential forms, a vertical form which is well-defined in the total space is e ≡ dϕ + A, where A is a connection on the S^1 bundle over B whose total space we are considering. If we take its exterior differential, this gives de = c_1, where c_1 is the Chern class of the bundle. This simple computation can be exploited actually to write down in simple cases directly the de Rham complex for the total space and compute its cohomology (more on this later), and in some sense it can even be lifted to a computation over Z (as Chern classes are integral). But in the context of spectral sequences, it will give rise to a differential d_2

H^i(B, H^j (F ))

·c_1 � � � � �

H^i(B, H^{j−1} (F )) H^{i+1}(B, H^{j−1} (F )) H^{i+2}(B, H^{j−1} (F ))

In the case where F = S^k the analogue of this map involves the Euler class of the fibration. We can see that an S^k fibration can be non-trivial over k + 1-cycles in the base. In the case of a general fibre F , all these maps d_k will be present. One has then to keep computing their cohomologies.

All this knowledge is certainly not needed in the case B = S^3, F = T^3. Indeed, second page would look like 1 0 0 1 3 0 0 3 3 0 0 3 1 0 0 1

a d_3 arrow could a priori connect the first and the last column, but there is no second Euler class in this case.

Clearly the resulting cohomology has little to do with the one of a typical Calabi-Yau, for example neither with the quintic nor with its mirror that we are considering in this paper. So obviously the simplifying assumption we have made above, that the fibres are all isomorphic, is unrealistic. Fortunately there is a version of the Leray-Hirsch spectral sequence that can be applied to cases with singular fibres. Rather than the groups we were considering above, this one involves sheaves obtained from the right derived functor of the projection: the resulting groups are denoted H^p(B, R^qπ_∗Z). The second page in our case looks like

E_2 :

Z 0 0 Z 0 H^1(B, R^2π_∗Z) H^2(B, R^2π_∗Z) 0 0 H^1(B, R^1π_∗Z) H^2(B, R^1π_∗Z) 0 Z 0 0 Z

(2.2)

Without going through an explanation of the definition of the sheaves involved, we can simply notice that the four non-trivial terms in this sequence are the Poincaré duals of the cycles we have depicted in figures 3 and 4, with the understanding that H^p(B, R^qπ_∗Z) is dual to a cycle with 3 − p legs in the base and 3 − q legs in the fibre.

– 9 –

We could now wonder whether there will be any map d_2 in this E_2 page. Roughly speaking, the answer is no because for Calabi-Yau manifolds the T^3 fibrations have monodromies, but no Chern classes. So the cocycles in (2.2) count actually the cohomology of the Calabi-Yau. The situation becomes different when we consider manifolds different from Calabi-Yau’s. We now proceed to explain both facts in more detail.

3. Mirrors to NS flux

We will start here from some remarks on T^3 fibrations, and on the role that Chern classes and monodromies play in their classification. Then we will introduce H flux, and proceed to T-duality to find the topology of the mirror. This will be a certain modification of the mirror quintic.

3.1 Monodromies and Chern classes

Consider a T^3 fibration on a manifold. We will exclude for the time being the singular locus Δ, hence considering the fibration restricted to B_0 ≡ B − Δ. How do we classify such a fibration? first of all we have to identify what is the structure group G, the group in which transition functions take value. One might think that, since the fibre is already a group, we can consider it as a principal fibration and consider G = U(1)^3. These would be classified by three Chern classes in H^2(B_0, Z). It is clear, though, that this is too restrictive. In this way we would exclude the possibility that for example two of the S^1 be exchanged by a monodromy: this is not possible for a principal fibration. The problem is that with this choice T^3 acts on itself only by translations; what we need is to consider G to be the group of automorphisms of T^3, which includes rotations and translations. Rotations are relevant over closed paths in the base; translations (being associated to Chern classes) are relevant over two-cycles. We should actually be more careful about calling them Chern classes: once we assign monodromies, the fibration is no longer principal and it is no longer obvious that we can associate to it Chern classes. The answer is known: in a situation with monodromies we can define a twisted cohomology group H̃^2(B, Z) and Chern classes take values in it.

To make this abstract discussion clearer, let us look at the metric on a T^3 fibration. This has the form

g = g_{ij} dy^idy^j + h_{αβ} e^α e^β ; e^α ≡ dϕ^α + A^α , (3.1)

where y_i are coordinates on the base, ϕ^α are on the fibre (so both indices i and α run from 1 to 3) and A^α is a connection form, . Its curvatures c_α are the first (twisted) Chern classes of the fibration. Monodromies affect the metric on the fibre, h_{αβ} as h → M^thM.

To recapitulate, for a monodromy, pick a one-cycle S^1 in the manifold; after a full loop the fibre undergoes � � � ϕ_1 ϕ_2 ϕ_3

� � � → M � � � ϕ^1 ϕ^2 ϕ^3

� � � .

– 10 –

For Chern classes, on the contrary, pick a two-cycle, say a sphere; divide this sphere in two disks D^2 and ~D^2; then the fibre on the two discs is attached to the other via a translation: � � � ~ϕ_1 ~ϕ_2 ~ϕ_3

� � � ∼ � � � ϕ^1 ϕ^2 ϕ^3

� � � + θ � � � c^1 c^2_1 c^3_1

� � � .

Here θ is a coordinate on the equator of both D^2 and ~D^2; ~ϕ^i are coordinates on the fibre over ~D^2, and ϕ^i on the fibre over D^2.

Summarizing, monodromies are rotations, Chern classes are translations.

3.2 T-duality, topology and SU(3) structures Suppose now we introduce H flux. The B potential can in general be decomposed in fibre-fibre, fibre-base and base-base pieces. If we now perform T-duality, these various components will have very different behaviour. The fibre-fibre component is the nastiest one: it will give rise in the mirror to non-geometrical backgrounds, that is, to backgrounds in which transition functions are valued in O(d, d). One can easily realize looking at some example that naive application of Buscher rules will give metrics which do not seem to be well-defined on the dual torus. There are actually also other mathematical interpretations of these T-duals (see for example [12]). We will however ignore this situation in the present paper, and take a B-field of the form

B_2 = 1 2 B_{ij} dy^i ∧ dy^j + B_α ∧ (dϕ^α + 1 2 λ^α ) . (3.2)

It is now easy to perform T-duality along T^3. The computation is standard and has been done many times; here are the result, which are also reviewed in some more detail in [4].

It turns out that the result can be summarized by the rules

h ←→ h^{−1} ; B_α ←→ λ^α . (3.3)

The second part of this equation is particularly interesting. Differentiating it we get c^α_1 ←→ H^α , where remember that c^α_1 are the three first Chern classes of the fibration, and H^α are the three components of H with two legs along the base. Changing the Chern classes changes in particular the topology of the total space, a fact which has been known to happen under T-duality for some time, starting from [13], later among others in [15, 14]; more recently reexamined in [16] as an early example of SU(3) compactifications (see also [17]) and in [18] in presence of branes.

In [4] this was reconsidered to determine the differential geometric properties of SU(3) structure manifolds under T-duality. Here we are going to consider how the topology changes. Let us expand on the difference between the two.

An SU(3) structure on M is a reduction of the structure group of the tangent bundle T M to SU(3). That is, it is the possibility to find transition functions which are valued in SU(3) rather than in Gl(6). Concretely, this is possible when one of the following two objects is defined on M: i) a spinor without zeros; ii) a pair (J, Ω), where J is a real twoform, Ω is a complex three-form, both are non-degenerate and they satisfy JΩ = 0, iΩ Ω̄ =

– 11 –

J^3. The existence of the spinor or of the pair is equivalent. As we are going to see later, these SU(3) structures are important for supergravity compactifications. For this reason, establishing mirror symmetry with flux requires asking how SU(3) structures transform under three T-dualities. This question was considered in [1, 4]; in [4] the transformation rule was interpreted in terms of the exchange of two Cl(6,6) pure spinors e^{iJ} and Ω, objects which are important in generalized complex geometry.

The mere existence of an SU(3) structure, however, is a purely topological condition. One would like to know what are the differential properties of those forms J and Ω. For example, is J integrable? is it closed? It turns out that their full differential content is expressed by their exterior differentials dJ and dΩ. These tensors are collectively called intrinsic torsion. For example, integrability of J can be expressed as dΩ_{2,2} = 0. Often dJ and dΩ are also decomposed in SU(3) representations, which gives rise to tensors W_i, i = 1 . . . 5 [19]; we will however not need these explicitly.

More precisely, one can expand dJ and dΩ in components; the work done in [4] consisted in computing how these components went in one another under T-duality. That such a mapping must exist is obvious if we take into account the fibration structure. Indeed, in terms of the SO(3) defined by the base, the intrinsic torsion decomposes conveniently into two 1, two 5 and two 3, which are exchanged by T-duality.

It is less obvious, however, that such a mapping can be reexpressed without any reference to the base or the fibre, as is the case:

(∇J + H)_{ijk} ←→ (∇J − H)_i¯_j¯_k . (3.4)

Here we do not have to make any reference to the 1, 5 or 3, which explicitly contain the information of the presence of the base. For details, see [4] or [3].

In this computation the topology seems to have been forgotten again. One can ask, for example, the following question. H is not just a differential form; it is also integral, that is, its periods are integer. So it contains some discrete information. What is the mirror of this discrete information? We have already given an answer above: it is in the Chern classes of the fibration. However, this answer is given in terms of the fibration structure. This answer is at the same level of the answer given before for the T-duality rule for the intrinsic torsions for the SO(3) representations 1, 5 and 3, which make explicit reference to the fibration structure. Is there an intrinsic answer, one that does not refer to the fibration structure? It may again be that, after having done the dirty work of considering explicitly the fibration structure, the result can be distilled in a way usable without ever knowing about it. The dirty work for the intrinsic torsion was done in [4]; for the topology it is going to be done in the next subsections of this section, using the material we have reviewed above. Without undue suspense, we can anticipate that the answer is in some torsion factor (cyclic groups of the form Z_N ) in integral cohomology groups. To my knowledge this use of the word “torsion” bears no relation to the “intrinsic torsion” above. At least not so far:

Another possible line of thought could have been, looking at (3.4), that the mirror of the flux of H should somehow lie in ∇J. This is a fully legitimate idea, but extracting this integer part is not as easy as one might think. The only obvious idea to get an integer is to antisymmetrize to get a form and then integrate over a cycle. But the antisymmetrization

– 12 – of ∇J gives dJ, whose cycles are zero. Remember that J is not a connection on a gerbe, as opposed to the B field; it is a genuine two-form. Hence, we will get that torsion groups should have to do with intrinsic torsion, seemingly a pun but maybe not too trivial a statement.

3.3 Mirror to the quintic with H

In the original Calabi-Yau situation, there is neither c_α nor H^α , so all we have to care about is the first part of (3.3). This gives the transformation properties of the monodromies which we have already implicitly used in previous section. Indeed, monodromies are related to degenerating cycles, and the latter were illustrated in detail.

The situation becomes more interesting if we now add H flux to a Calabi-Yau. As we said, a case which is more interesting and tractable is the one in which H has one leg in the fibre and two in the base. This should give in the T-dual a change of topology.

Let us be more specific and pick H to be the Poincaré dual of a cycle of the type depicted on the left of figure 3. Such an H has indeed two legs in the base and one in the fibre. What is now its mirror? The circle in the fibre along which H is becomes, in the mirror, non-trivially fibred: it should pick a Chern class. We will see briefly that this is an abuse of language.

The way to see how this Chern class arises is the following. Along the path in figure 3, take a disc transverse to it and still lying in the base. Due to the fact that the path ends on the singularities, we have to shrink the radius of this disc as we approach them, so the final result is not really (the closure of) a tubular neighbourhood, but more a “rugby ball” neighbourhood.

Now, on each of these discs it is clear to what the Chern class should give rise, with a little extrapolation from known cases. We will first describe what is the procedure just by analogy with known cases, and then justify it with increasing precision. Let us start with an example: the most familiar case of a nontrivial Chern class, the Hopf fibration S^1 → S^3/Z_N → S^2. This can be obtained by attaching two copies of D^2 × S^1 with a transition function; if θ is an angular variable which runs on the equator of S^2, which is an S^1 = ∂D^2, we have to glue the ϕ_N on the northern hemisphere to ϕ_S in the southern hemisphere as ϕ_N = ϕ_S + Nθ .

This is a translation of the coordinate ϕ, as promised above.

What we have to do now is to perform this operation to the S^1 shown in the fibre in figure 5 over each of the transverse discs of the rugby ball neighborhoods. So we are detaching the rugby ball with the whole fibre over it, and reattaching it after having twisted the S^1 as in the Hopf case. The number of times N we have to twist is the same as the integer amount of flux we had in the Poincaré dual of the original cycle. This “cuttingand-pasting” operation is similar to what is called usually a surgery, and for this reason we will often call it in the following a surgery by an abuse of language.

We should also come back on another abuse of language: calling this operation a Chern class. There are no nontrivial classes in H^2(B) = 0. Why cannot our twisting be undone?

– 13 –

This question is similar to our confusion above, why the cohomology classes are not those of S^3 × T^3. Once again the cohomologies of the derived sheaves H^p(B, R^qπ_∗Z) should be called to the rescue. The exchange H_α ←→ c^α_1 in (3.3) is still literally true, but neither of the two is in H^2(B), again because it vanishes. Rather, H lies in H^2(B, R^1π_∗Z). It has been shown [11] that the action of mirror symmetry is to send R^pπ_∗Z ↔ R^{3−p} π_∗Z, which is clearly consistent with the usual formula h^{1,1} ↔ h^{1,1}. So, also c^α_1 does not lie in H^2(B), but in H^2(B, R^2π_∗Z). This can also be described intuitively. The twisting we have described is performed over a certain two-chain on the base. We have not described where this two-chain ends because it is not important. Wherever it ends, we have divided it into the disc above and the rest. Then we have glued the fibre over the disc to the fibre over the rest with a twist. We did not need to know what the rest was. But is the twisting really nontrivial? after all we have said it is a two-chain, not two-cycle (of which there would be none), in the base. One way of seeing that the twisting is nontrivial is that the two discs cannot be moved across the singularities at the end of the path. There, the circle we are twisting becomes cohomologically trivial. If we had tried to twist on two-chains which shrank to nothing on points different from those singularities, we would have run in trouble: one would have been forced to shrink the twisted fibre at the end. But here the S^1 that we are twisting is cohomologically trivial in the fibre over the singular points at the end of the path.

It is maybe not obvious that this gives rise to a manifold again. A sketch of an argument would be applying prop. 2.7 in [5]. In what follows we will suppose the space we have defined is a manifold and call it simply the distorted mirror quintic.

With this explicit description of the mirror manifold we can now proceed to characterize its topology. We will start by giving its cohomology, and then we will see that this is actually enough to characterize completely its diffeomorphism type.

Before actually considering the distorted mirror quintic, it is maybe instructive to look at the cohomology of the Hopf fibration, for which we know already the answer from a variety of sources. Specifically, we want to ask why the would-be Poincaré duals of the fibre and of the base are absent from the cohomology of the total space. As we have seen before, a vertical one-form which is well-defined reads e = dϕ + A, with A a connection such that dA = c_1 = Nvol_S2 . This one is not in cohomology because de = Nvol_S2 ≠ 0. But also, at the level of de Rham cohomology, vol_S2 is in cohomology but as a trivial class, since vol_S2 =^1_N de. So a Chern class eliminates both a one- and a two-cycle. If we look at integral cohomology, we can actually with some care promote these forms to (for example) integral cochains of the manifold viewed as a CW-complex. Then we can no longer divide by N, so vol_S2 is non-trivial but Nvol_S2 = de still is. This is a torsion factor, Z_N . Summarizing, we have gotten H^0 = H^3 = Z, H^1 = 0, H^2 = Z_N .

Something similar to this toy case will happen for our distorted mirror quintic.^3 Let us consider for example the two-cycle depicted on the right of figure 3 for the mirror quintic. Its Poincaré dual is torsion. Indeed, it reads e^2e^3vol_D2 , where D^2 is the transverse

3There are actually intermediately difficult cases that one could also analyze, nilmanifolds. The way the cohomology works there has been easily worked out in [18], along with its K-theory and a proof that it is consistent with T-duality. So we are not going to review those cases here.

– 14 –

Figure 5: The three-form H is switched on along the red arrows in the quintic (left). The distorted mirror quintic is defined using a “rugby ball” neighborhood (right). The twisting is on two-chains in the base which intersects the path transversely. In dashed red is shown one such a transversal disc. Along the boundary of this neighborhood, the internal T^3s are glued to the external T^3s with a twisting of an S^1 ⊂ T^3, according to the rule ϕ̃^1 ∼ ϕ^1 + Nθ. The locus ϕ_1 =const is shown in fibres over the internal and external edges, at three different values of θ (down). The two-chain, in differently dashed red, continues away from the rugby ball.

disc, and e^2 and e^3 are the vertical forms in the directions unaffected by the twisting. As for the one which is affected by the twisting, we have de^1 = Nvol_D2 . So we have Ne^2e^3vol_D2 = d(e^1e^2e^3). It is not completely obvious, but we can extend again these expressions to integral cocycles, as above for the Hopf fibration.

We can see how this modifies the spectral sequence (2.2). The Chern classes we have just described give rise to maps d_2 in the page E_2 we had above:

E_2 : Z

·c_1 � � � � � 0 0 Z

0 H^1(B, R^2π_∗Z) H^2(B, R^2π_∗Z) 0

0 H^1(B, R^1π_∗Z)

·c_1 � � � � � H^2(B, R^1π_∗Z) 0

Z 0 0 Z .

(3.5)

We see here once again that our “Chern class” is not actually in H^2(B), as usually the

– 15 – name implies, but lives in H^2(B, R^2π_∗Z). Now, the third page looks like

E_3 :

0 0 0 Z 0 H^1(B, R^2π_∗Z) H^2(B, R^2π_∗Z)/Z ⊕ Z_N 0 0 H^1(B, R^1π_∗Z)/Z H^2(B, R^1π_∗Z) 0 Z 0 0 Z_N

. (3.6)

The argument above for the (Poincaré dual of the) two-cycle was direct; at the same time we have also gotten that one of the three-cycles has gone away, which we have indicated fancily as a /Z. We now know that the cycles which are conjugated to these ones should also disappear or become torsion. These are a four-cycle and a three-cycle — somehow confusingly, these are also often called Poincaré duals. Seeing what happens to the conjugated three-cycle is less direct. We cannot compute directly the lower d_2 map. To do that we should identify explicitly the map from the disappearing four-cycle. This is not easy: the intersection matrix between four- and two-cycle is somehow complicated [5] and without a good idea we are faced with the task of inverting a 101×101 matrix. However, if we simply put a question mark in the lower right corner, we can use Poincaré duality and the universal coefficient theorem (it is a standard technique) to nail down the remaining group to be Z_N . (I thank Mark Gross for having pointed this out.)

Were it not for the singularity possibly created in the procedure above, we would have actually described completely the diffeomorphism class of the distorted mirror quintic. This is because six-manifolds are completely classified by a theorem by Wall and Z̆ubr which we will describe in next section. We will also see that topology is not the end of the story as far as compactifications of supergravity go; one has to supplement also some SU(3)-structure information.

4. Topology, metric, and compactifications

Wall’s theorem [20] classifies completely up to diffeomorphisms six-manifolds which are spin, simply connected and whose cohomology has no torsion. Z̆ubr [21] later extended the classification to the case with torsion. The theorem says that there is a one-to-one correspondence between such manifolds and the following data:

• two free abelian groups H and G, the latter of even dimension (they will be H^2 and H^3 of the manifold)

• a symmetric trilinear map D on H (it will be the intersection form)

• a homomorphism p_1 : H → Z (it will be the Pontrjagin class)

such that D(x, x, y) = D(x, y, y) modulo 2 and 4μ(x, x, x) = p_1(x) modulo 24, for every x, y ∈ H. In the case with torsion, p_1 and D get actually refined and have a more sophisticated definition [21].

– 16 –

The power of this theorem is made possible by the well-known fact that diffeomorphisms classes essentially do not have any more information than homotopy classes from dimension five up. Once we know, thanks to Smale, that the Poincaré conjecture is valid in dimension bigger than five (we finally know it is true also in the original three-dimensional case [22]), we can use surgery techniques to construct manifolds with any given prescribed invariant starting from a sphere; or, viceversa, to start from a given manifold and take away cycles from it until we reach a sphere.

There are various reasons for quoting this theorem here. First of all to show that we are close to characterize completely the topology of our distorted mirror quintic. Second, it has been shown before that compactifications on this type of manifolds requires consideration of forms which are not in cohomology, and one could wonder whether these forms have to do anyway with topology or not; this question is less trivial than it looks and we are going to answer it in next subsection. Last, we will try to draw from this theorem a more general lesson about the role of topology and of differential geometry in string theory compactifications, which will occupy us in last subsection, there, the theorem by Wall and Z̆ubr will show up again.

4.1 A basis for KK reduction We will now see how we are able to recover certain assumptions made in [1] in order to find the KK reduction of IIA theory on certain SU(3) structure manifolds. It was argued there that, if one believes that a mirror symmetric manifold to a Calabi-Yau with flux had to exist, such a mirror needs to have a basis of forms which are not harmonic but which satisfy certain properties closely related to being harmonic. The reason we care so much about that particular case is that we hope to get a handle on which mathematical object should replace harmonic forms for supergravity compactifications on general, non Calabi-Yau, SU(3) structure manifolds.

The basis comprises two-forms ω_i, three-forms α_A and β^A, and four-forms ~ω^i. These forms satisfy:

i) They must be conjugated to each other: � ω_iω̃^j = δ^j_i , � α_Aα^B = 0 , � α_Aβ^B = −δ^B_A , � β^Aβ^B = 0 . (4.1)

ii) The Hodge ∗ has to close within the basis.

iii) Also the exterior differential has to close. More specifically,

dω_i = E_iα_0 , dα_A = 0 , dβ^A = δ^{A0}E_i ~ω^i , d~ω^i = 0 . (4.2)

This is not the most general way d could close on the basis; one could have dω_i not all proportional. The most general case has been recently advocated in [23]; from there, one reduces to (4.2) by taking the rank of a certain matrix to be one. We will not need that generalization here, for reasons to become apparent later. As a physical post scriptum, we should add that the E_i can be made much smaller than the higher masses of the laplacian.

– 17 – iv) There exists an SU(3) structure (J, Ω) whose J is a linear combination � v_iω_i, and whose Ω is a linear combination of the z^Aα_A + F_Aβ^A; coefficients v_i, z^A, F_A are constant on M. This SU(3) structure satisfies moreover dJ^2 = 0 and dReΩ = 0 (which is called half-flatness).

This assumption actually almost follows from (iii). Once nondegenerate (J, Ω) can be found (which roughly speaking says that the basis “covers the whole of the manifold”; we will come back on this), it is enough to require that ω_iα_A = 0 and ω_iβ^A = 0, which are only vector equations. Finally, half-flatness now follows from (4.2) after rotating F_0 to purely imaginary.

The reason for this assumption about SU(3) structures has to do with supersymmetry; we will review this later.

Let us first of all show that such a basis exists on our distorted mirror quintic. The idea is to use forms that were already defined on the mirror quintic, and simply see how their properties get distorted. More precisely, we mean that we can express all the harmonic forms on the mirror quintic in terms of forms on the basis and of e^α ’s. The expression obtained in this way still make sense on the distorted mirror quintic; what has been changed is what the e^α ’s are, or in other words their properties under the exterior differential d.

Going back to (3.5), we can see that all of the harmonic four-forms in the original mirror quintic have two indices along the fibre and two along the base. Their Poincaré duals are of the form depicted on the left of figure 3. For an explicit realization, we can take four-forms which are localized around paths, or more precisely with support on a rugby-ball neighborhood as in figure 5. So they look like e^2e^3ρvol_D2 , where ρ is a function with the support inside the rugby ball, and e^α are as in (3.1). When we pass to the distorted mirror quintic, all the four-forms but one are left undisturbed; the remaining one sits on the path which has been affected by the surgery. Let us call ω̃^i, i ≠ 1 all the unmodified fourforms, and ω̃^1 the modified one. Since de^1 = Nvol_D2 , we have d(e^1e^2e^3) = Ne^2e^3vol_D2 . This is one of the two maps in (3.5). Let us now call e^1e^2e^3 ≡ β_0. This shows explicitly the second two equations of (4.2); the other d_2 map in (3.5) will show the other two. This lower d_2 connects the volume form of the base (lower right corner), which we call α_0, with a two-form which is the Poincaré dual of a four-cycle on an hexagon; or more probably a linear combination thereof. This four-cycle is difficult to identify explicitly, for the same reason explained after eq. (3.6). We know it exists from (3.5); call this two-form ω_1. Locally around the modified path (which is not necessarily its support however) it looks like e^1vol_{path}.

Summarizing so far, we have essentially claimed that (4.2) is, in the case of the distorted mirror quintic, simply true because of (3.5).

This shows the mathematical part of (iii). The physical post scriptum is more subtle. Computing the laplacian on the forms gives rise to a first massive eigenvalue of order ∼ E^iE^i. (We are not writing down explicitly period matrix factors which would take care of the Hodge ∗, but by assumption (ii) they give only numbers.) We have to provide an argument for this first eigenvalue to be much smaller than the more massive ones. Something very similar is already present in the literature. In [24] it is proven that the spectrum of the

– 18 – laplacian can be made to vary arbitrarily little when performing certain surgery operations on a manifold, although it cannot remain identical. As stressed in section 3, the operation we have performed to pass from the mirror quintic to the distorted mirror quintic is a cutting-and-pasting operation which is not what is usually called surgery; but it is similar. It should be checked that one can modify that theorem to fit it to our case, but it is plausible; we will assume this here. Then, let us consider the mirror quintic. It has a massless spectrum, and then a first massive eigenvalue of the laplacian m_0. After our operation, we certainly have made one of the harmonic forms non-harmonic; but the generalization we are assuming of the theorem in [24] tells us that we can take the spectrum on the mirror quintic to start with the remaining harmonic forms, then have an arbitrarily small first massive eigenvalue δm, and continue with the formerly first massive eigenvalue, itself very little modified, m_0 + δm^′. As a result, δm ≪ m_0 + δm^′, which is what we wanted to show.

The other points are more or less taken verbatim from the undistorted mirror quintic. For example, for point ii) we can observe that all we have changed in the metric is in the expression of the e^α , not g_{ij} or h^{αβ} ; see eq. (3.1). Our basis has the same expression, in terms of the e^α ’s, in the distorted and undistorted mirror quintic. The Hodge ∗ has therefore the same action. One can argue similarly for point i). Also, one can look at the local explicit expressions given above.

There are additional subtleties for point iv). Again, we can argue that the on the distorted mirror quintic J and Ω have the same linear expansion in terms of ω_i, α_A, β^A as J and Ω on the mirror quintic. This is so far just a definition. Now, we can again invoke the fact that the expressions of the forms ω_i, α_A and β^A in terms of the e^α ’s do not change after our surgery operation. Whether J and Ω define an SU(3) structure is just an algebraic properties; so the e^α are not going to be hit by a differential, and the verification is formally still the same as on the mirror quintic.

Now, this argument is unfortunately a bit abstract: we do not really see why J and Ω define an SU(3) structure not even before the surgery. This is because we have reviewed in this paper only the topological construction of the SYZ fibration, and we have not said a word about the part concerning the fibration being special lagrangian — which would have involved introducing proper J and Ω. This has not been done yet and will certainly not be attempted in these pages.

So, even if we have gotten point iv), it is unfortunate that we do not have a more concrete argument for why there is an SU(3) structure in the span of forms satisfying (4.2). If we had such an argument, we could try to apply it to other cases, where the fibration structure is not coming to the rescue. In what remains of this subsection we will present an intuitive argument which does not really work but which may be a first step.^4 The argument would go as follows. In section 2 we have given, among other things, a basis for four-cycles, see the right portion of figure 4. Each of them is fibred over an hexagon in the diagram in figure 1. We can choose the Poincaré dual of one such a fourcycle to be a two-form localized around one of the hexagons. As a differential form, we

4Fortunately, half-flatness has already been shown, in a spirit similar to one of the present paper, in [4]. The original argument has also been tested in [25].

– 19 – can just make it fall off smoothly away from the hexagon; as an integral cochain, we would give an appropriate triangulation of the whole space, and then it would be non-zero only on cells including the hexagon.

We have already admitted our ignorance regarding which four-cycle is lost. Suppose for simplicity it is fibred over a certain hexagon (and not a linear combination). Then, an arbitrary combination of all the harmonic two-forms will be zero over this hexagon. The two-form J appearing in the definition of an SU(3) structure has to have no zeros; therefore it could not be a combination of harmonic two-forms. The two-form which has disappeared from the cohomology, which we have called ω_1 above, has exactly support on the missing hexagon.

This argument does not work because our choice for the Poincaré duals is by no means the only one. It is a common choice, but there are many others; very often one actually takes the Poincaré dual of a cycle to be defined over the whole manifold. Is there any contradiction in the possibility that including the first massive form is not actually needed? If it were possible to write a non-degenerate J from a sum of the harmonic ω_i only, it would follow that the manifold is symplectic; this may seem to be in contradiction with the prediction of half-flatness in [1, 4]. But in fact, one may well have on the distorted mirror quintic different SU(3) structures with different differential properties — one being symplectic or even Calabi-Yau, the other being half-flat and mirror to the quintic with H. In other words, if we are considering the distorted mirror quintic because of mirror symmetry, then it is natural to consider the SU(3) structure induced by the surgery-like procedure in section 2; this SU(3) structure will include the massive two-form. But a priori we could also decide to compactify on the same manifold using another SU(3) structure with different properties, should we find one, and get a different N = 2 effective theory. This discussion opens up problems to which we will get back at the end of this subsection.

4.2 General SU(3) compactifications In this subsection we try to argue general lessons from the particular manifold we have dealt with so far. The main problem is the right generalization of de Rham cohomology to general SU(3) compactifications. This will also however raise spin-off problems that we will also try to address towards the end; in the process we will also argue that the massless sector of the theory is in one-to-one correspondence with the topology, thanks to the Wall-Z̆ubr theorem.

We have shown that forms satisfying (4.2) exist on the distorted mirror quintic. We will now try to understand what is more generally the meaning of such a basis. Namely, what should replace de Rham cohomology (or harmonic forms) for compactifications on manifolds of SU(3) structure which are not Calabi-Yau? As I mentioned before, it is not difficult to guess a proper generalization of (4.2); it has been proposed in [23], and is being used in [38]. It reads

dω_i = a_{iA}α^A − b^A_i β_A , dα^A = b^A_i ~ω^i , dβ_A = a_{iA} ~ω^i , d~ω^i = 0 . (4.3)

However, whereas for (4.2) we have an explanation now, unfortunately (4.3) is a different story. What really counts is the rank of the matrices a_{iA} and b^A_i ; it is related in an obvious

– 20 – way to the number of forms which become massive. In the T^3-fibred case, if we go back at (3.5), we see that we can only take away two forms from H^3, the upper-left and lowerright corners. Thus, so far we cannot retrieve the case (4.3) with a general rank. is in no contradiction with anything, since anyway not all SU(3) structure manifolds are T^3-fibred. We will get back later at (4.3) later.

So let us try for an alternative. Again, de Rham cohomology cannot be the right object, since in it ~ω^1, ω_1, α_0 and β^0 disappear. So they are not part of a basis of harmonic forms. We will first examine the possibility that they have no topological information, answering in the negative, and then turn to differential geometry.

The first possibility, that they have some kind of topological information, is less crazy than it would seem. True, Wall classification theorem tells us that hence they are not needed in characterizing the topology. But in fact, the de Rham complex has often more topological information than its cohomology alone. One way to see if it has more is to strip it to the minimum, so to say — producing a smaller and manageable complex called minimal model [26]. This can be used to compute other topological quantities (which may be not necessary for a classification), for example the so-called Massey products, which we are not going to review here. Minimal models for nilmanifolds include more than just harmonic forms. For example, consider an S^1-fibration over T^2 with c_1 = 1. The minimal model for S^3 is generated by the vertical e as defined before and vol_T 2 , with the differential acting as we said above, de = vol_T 2 . So e and vol_T 2 are in the minimal model even if they are not in the cohomology. This clearly looks similar to (4.2), and it is tempting to think that minimal models are the hidden meaning of those equations.

Unfortunately this is wrong. A theorem by Miller [27] implies that all simply connected six-manifolds are formal, that is their minimal model includes just the cohomology. So it looks like the forms α_0, β^0, ω_1 and ~ω^1 in (4.2) have no topological content. Here, we have changed base to one in which only E_1 ≠ 0.

Having looked at the topology unsuccesfully, we can now turn to the differential geometry, that is, at information hidden in the metric — or more precisely, as we will see, in the SU(3) structure.

Having to do KK reduction on a manifold, the first thing one has in mind to look for is a basis of forms which are eigen-forms of the laplacian. One could even wonder why this is not enough for KK reduction: this would be the generalization of harmonic forms.

However, while reducing the supergravity action one often needs to know the action of the exterior differential and of the Hodge ∗ on forms. So knowing that they are eigen-forms of the laplacian is not enough.

To this one can easily repair, as is probably known to many, by considering the signature operator, s ≡ d + d^†. This is the Dirac operator acting on bispinors, which, as is well known, are the same as differential forms. Not surprisingly, it squares to the laplacian: s^2 = Δ. The spectrum of this operator is related to the one of the laplacian by a standard construction. Indeed, suppose one has a form ν which satisfies Δν = m^2ν. Then we can construct eigenforms of the signature operator as follows. If (s ± m)ν ≠ 0, it is an eigen-form of s with eigenvalue ∓m. If on the other hand one of the two is zero, say

– 21 –

(s − m)ν = 0, it means that ν itself is an eigenform of s with eigenvalue m. Hence, for any eigenvalue m^2 of the laplacian, ±m are eigenvalues of the signature operator.

More precisely, eigen-forms of s are actually formal sums of forms rather than forms of a given degree alone; this is what bispinors are. Also, since s changes odd forms into even ones and viceversa, any massive eigen-form has at least two summands. If we denote such an “eigen-formal-sum-of-forms” as � k ν_k, explicitly we have

dν_k + d^†ν_{k+2} = mν_{k+1} . (4.4)

We can also use the fact that ∗ commutes with s. Under genericity assumptions each eigenvalue will be isolated, and hence we have ν_k = ∗ν_{6−k} . (4.2), (4.3) are more specific because they give us the action directly of d on forms. But indeed, let us consider a case in which there are only ν_2, ν_3, ν_4. Then we have dν_2 + d^†ν_4 = mν_3, dν_3 = mν_4,dν_4 = 0. The first of these equations can be rewritten as (1 + ∗)dν_2 = mν_3. The resulting expression is basically the same as (4.2), by giving appropriate names; in particular E_0 ≡ m. It is also possible to assemble many of these eigenforms of the signature operator to get an equation like (4.3).

So, it would seem that (4.2), (4.3) are nothing but particular cases of restriction to the low-lying spectrum of the signature operator. However, that does not take into account supersymmetry; it is here that those forms become less trivial. If on the six-manifold M there is a spinor without zeros (that is, as reminded in section 3, an SU(3) structure), it has been argued in [1] that the effective four-dimensional theory will have N = 2 supersymmetry. The effective theory will be most times spontaneously broken, so that there will be no supersymmetry-preserving vacua.

Giving an SU(3) structure is stronger than giving a metric: it implies one. Indeed, in this language a metric is an O(6) structure. Since SU(3)⊂O(6), an SU(3) structure determines a metric.

Now, it seems that the general compactification should use a basis of forms as follows. One can consider the spectrum of the signature operator. Every time we truncate the spectrum keeping only eigenvalues m such that |m| < m_0, we should check whether, in the linear span (with constant coefficients) of the forms so obtained, there is a SU(3) structure, as in point iv) above. If there is, we should have produced a consistent N = 2 theory in four dimensions. Then the conjectures in [1] reviewed and examined in last subsection 4.1 would simply mean that, in the distorted mirror quintic, one needs to include at least one massive eigenvalue in order to get a supersymmetric theory in four dimensions. In last subsection we have also tried to sketch how one would check explicitly that at least one massive form is needed.

Even if the argument above for including one massive eigenvalue were right, clearly it is a bit unsatisfactory that we have to resort to conjectures or to painfully explicit methods. So we will examine two more possible ideas, neither completely satisfying.

The first is to actually go the other way around: knowing the existence of an SU(3) structure with certain properties, maybe we can infer the existence of forms satisfying some version of (4.2). For example, if J were itself a massive eigen-form of the laplacian, we could simply declare it to be, say, ω_1, taking all the other ωs to be harmonic two-forms.

– 22 –

If one knows the intrinsic torsion W_i, i = 1 . . . 5, it is easy to see when this is the case. In fact, we will use a slightly different formulation for intrinsic torsion, which is better adapted to this question. Namely, we can characterize an SU(3) structure by the covariant derivative of the spinor, rather than by dJ and dΩ. It can be shown indeed ∇_mϵ_+ (the subscript_+ denotes chirality) can always be put in the form [4, 3]:

∇_mϵ_+ = iq̃_mϵ_+ + iq_{mn}γ^nϵ_− . (4.5)

where, as is customary, ϵ_− = ϵ^∗_+. The quantities q̃_m and q_{mn} are related to the more usual W_is by a change of variables [4, 3]

q_{ij} = − i 8 W^3_{ij} − 1 8 Ω_{ijk}W̄^k_4 ,

q_i¯_j = − i 4 W̄^2_{ij̄} + 1 4 W̄_1g_{ij̄} , q_i = i 2 (W_5 − W_4)_i . (4.6)

Here i, j . . . and ī, j̄, . . . are respectively holomorphic and antiholomorphic indices (as opposed to real indices m, n . . . that we have used so far).

The fastest way to proceed is now to use the bispinors ϵ_+ ⊗ ϵ^†_+ =^1_8 e^{−iJ}� and ϵ_+ ⊗ ϵ^†_− = −^i_8 /Ω. Applying ∇_m again to (4.5), we can see what are the conditions for either J or Ω to be massive eigen-forms of the laplacian.

We skip the details of the computation, which is straightforward, and give the results. In the case of Ω, the conditions are

i∂_mq̃^m − 2q̃_mq̃^m − q_{mn}q^{mn} = const , (∂_m − 2q̃_m)q^m_n = 0 , q_{mi}q^m_j = 0 .

As above, here i and j are holomorphic indices; last equation means a projection of q_{mn}q^m_p in the representation 6 of SU(3) is vanishing.

The conditions for J to be eigenform of the laplacian read

∂_mq^m_n = 0 , q̃_mq^m_n = 0 , q_{mn}q^{mn} = const , q_{mi}q^m_{j̄} − 1 3 g^{ij̄} q_{mi}q^m_{j̄} = 0 .

Again i is holomorphic and j̄ antiholomorphic; the last condition is really the vanishing of the projection of q_{mn}q^m_p in the 8. Unfortunately neither of these is satisfied for a half-flat manifold; these conditions might nonetheless help in other cases. It is easy to see that the case in which only W_1 is present is solution for both. In that case, of course the general computation above is an overkill. A G_2 analogue of this idea has appeared in [28]. Another context in which similar equations appear is when trying to add Bianchi identity to conditions coming from supersymmetry.

The second idea would be the following. As we have seen in last subsection, including or not a massive form would lead to SU(3) structures with different differential properties. So one could determine easily how many massive forms have to be included, if there were methods to constrain the possible types of SU(3) structures (complex, symplectic, . . . ) just by looking at the topology.

Unfortunately it seems that such a systematic method does not exist. The existence of an SU(3) structure does impose some conditions, but they are rather mild. Existence

– 23 – of an almost complex structure imposes that the third Stiefel-Whitney class vanishes [20], W_3 = 0. (This bears no relation to the intrinsic torsions W_i above.) Existence of a (3, 0)- form Ω trivializes the canonical bundle of the almost complex structure, which we can write as c_1 = 0. But one does not know of a method to determine whether on a manifold with a certain topology one can find SU(3) structures with certain W_i = 0. For example, it has long been an open problem whether S^6, which notoriously admits almost complex structures, also admits a complex structure. This possibility has been excluded for almost complex structures orthogonal with respect to the round metric [29], then to metrics in its neighborhood [30], and now finally apparently completely solved by Chern [31].

It would be nice if compactifications of supergravity provided even partial answers to these questions. The way this could possibly work involves coupling of massless modes to massive ones. To explain this, we have to take a small detour. We will claim that the massless sector is in one-to-one correspondence with the topology of six-manifolds. But to begin with, let us review some standard facts in Calabi-Yau compactifications. Later we will come back at general SU(3) structure manifolds.

Compactifying IIA string theory on a Calabi-Yau gives an N = 2 action with h^{1,1} vectors t^i and h^{2,1} + 1 hypermultiplets z^a. The action for the vectors is determined by a prepotential F_0(t). This function can be determined by mirror symmetry methods or by genus zero topological amplitudes. There are also other terms in the action which can be computed by topological amplitudes, this time in higher genus. These are terms of the form, in superfield notation, F_g(t)(W^2)^g; F_g(t) are topological amplitudes at genus g, and W is the so-called Weyl superfield, which contains the graviphoton and the (self-dual part of the) Riemann tensor. In components, these terms include R^2(T^2)^{g−1} and (R·T )^2(T^2)^{g−2} .

The prepotential (genus 0) starts cubic in the t’s and then involves exponentials: F_0 = D_{ijk}t^it^jt^k + � d;m_i nmi 1 d^3 e dm_i t^i . The symmetric tensor D

ijk is the triple intersection form The m_i index the various instantons but this will not be important here. At genus 1, we have F_1(t) = (c_2)_it^i+ a more complicated expression involving exponentials, which counts instantons of genus 1 — as well as having also a contribution from genus 0; in fact these higher genus contributions are most elegantly written if we sum them all together, in terms of Gopakumar-Vafa invariants. From genus 2 on, F_g starts with a constant piece and goes on with instantons.

Now we want to consider a certain infrared limit of the theory. First of all we want to send to infinity the masses of the massive KK modes. Very roughly, we can consider that this is controlled by the “size” of the Calabi-Yau, R ≡ (V_6)^{1/6}. As we have seen in section 4.1, this will in general be not true: some eigenvalues may be significantly smaller than all the others, and controlled by some other scale. This was an important point in [1]. But “generically” we can assume it is true, and then send R → 0 to decouple the KK modes. This may be puzzling because usually it is a large-volume limit which is thought of as infrared. However, what is really meant by that is the volume in string units. Indeed, if we want also to get rid of the instanton corrections sketched above, we see (reinstalling powers of l_s in the expressions above) that we need R/l_s → ∞. This can also be thought of as the requirement that the curvature of the manifold be small with respect to the string scale. As a consequence of the previous limits, l_s → 0 even faster than R, which then also

– 24 – decouples the massive string modes. Summing up, in the limit l_s → 0, l_s/R → 0, we remain with a certain infrared limit of the theory in which string modes decouple and KK masses go to infinity. This limit should be familiar from AdS/CFT.

In this infrared limit we see that the only information kept by the theory is

• the massless spectrum;

• F_0 and F_1.

The massless spectrum is determined by H^2 and H^3. F_0 is determined by the intersection matrix D_{ijk}; F_1 by the Chern class c_2, which is proportional to the Pontrjagin class p_1, since the first Chern class is zero. Going back to the Wall-Z̆ubr theorem that we have reviewed at the beginning of this section, we see that we are dealing exactly with the same amount of data. So, the infrared limit above of string theory on a Calabi-Yau is in one-to-one correspondence with its topology.

Let us now come back at the less solid SU(3) compactifications. We have argued above that the theory we started with, before the limit, depends crucially on differential geometric properties of the SU(3) structure, as argued in subsection 4.2. After the limit, it only depends on topology. We want to suggest that this is in fact a feature of compactifications on all manifolds of SU(3) structure, not only on Calabi-Yaus. One reason is simply that the previous correspondence seems to be suggestive of this. We can sketch another reason as follows. If we have obtained our SU(3) structure manifold by some surgery-like operation from a Calabi-Yau as for the distorted mirror quintic, then we can obtain the four-dimensional effective theory by a gauging of the unbroken N = 2 theory corresponding to the Calabi-Yau. For F_0, this is not completely obvious but it has been assumed in all the papers so far on the subject, and we will comment more about it below. For F_1, one would expect it to work because it is a quantum effect for a supersymmetric action, but some terms require numerical conspiracies to work [32], so this should be checked. Gauging gives masses to some fields, that will decouple in the infrared limit above. For all the other fields, F_0 and F_1 are simply the same as before. So they are still connected to the topology of the manifold. This limit theory will in general not be supersymmetric: the SU(3) structure which existed in the span of the harmonic and massive forms will go away. In other words, we not always get a Calabi-Yau. Usually a limit of a supersymmetric theory is still supersymmetric; presumably here the limit may not commute with taking KK reduction.

After this long digression, we can come back at our original problem, which was to give criteria for deciding, given a topology which admits SU(3) structures, what will be their differential properties (for example if there is any integrable complex structure). The idea would be to reduce this problem to a physical problem. Thanks to the one-to-one correspondence above, we can univoquely give a massless theory coming from compactification on a given manifold. In other words, we know that two manifolds will not give the same infrared limit. Now, the full supersymmetric theory (with massive states included) knows about the SU(3) structure, and also about its integrability properties (for example IIB vacua require that the almost complex structure be integrable [33, 34, 3]). So

– 25 – we could reformulate the problem as coupling the massless sector to the massive one in a supersymmetric way.

There are other possible uses to the correspondence above. Another of its consequences is that there is no topological information in the massive states which is not contained in the massless sector already. This is, in a different guise, what we also concluded from Miller’s theorem on formality. Maybe one can use the present methods to give a physical proof of that theorem. Another feature is that for any collection of data H^2, H^3, F_0 and F_1 one can produce a corresponding six-manifold. This may be important to construct explicit examples of supersymmetric compactifications. Finally, consider again the problem which emerged in previous subsection: the fact that we can tell the existence of an almost complex structure on a six-manifold, but that we cannot predict whether for example it will be complex or not.

To add some more plausibility to the conjectures of this final part we would like to stress a general point: many of the properties of Calabi-Yau compactifications actually survive in the SU(3) structure case, with differential geometry replacing algebraic geometry. Let us make an example. If the action has to have N = 2 supersymmetry, it should have the structure of a N = 2 gauged supergravity. The gauging of the hypermultiplet moduli space is controlled by a hypermomentum map [35]. It turns out that this hypermomentum map has a universal expression. Its form has been argued with increasing detail in [36, 37, 3]; it is currently being investigated in [38]. A typical component of the momentum map looks like dJ (on the space of Ωs) or dΩ (on the space of J’s). It is interesting to note that these momentum maps have already appeared in considerations by Hitchin [39], which also formalizes what is meant by the space of J’s and of Ω’s. This point is implicitly related to the assumption we made above, that the theory after introduction of intrinsic torsion has the same prepotentials — all the change being in the momentum maps. It is most commonly assumed for introduction of fluxes rather than for intrinsic torsions, but the two are connected by T-dualities.

Acknowledgments

I would like to thank, for useful comments, discussions or correspondence, Paul Aspinwall, Bogdan Florea, Shamit Kachru, Amir Kashani-Poor, Liam McAllister, John McGreevy, Xiao Liu, Andrei Micu, Ruben Minasian, Daniel Waldram, Alberto Zaffaroni, and especially Mark Gross. This research has been supported in part by the DOE under contract DEAC03-76SF00515 and by the NSF under contract 9870115.

References

[1] S. Gurrieri, J. Louis, A. Micu and D. Waldram, Mirror symmetry in generalized Calabi-Yau compactifications, Nucl. Phys. B 654 (2003) 61 [hep-th/0211102].

[2] J.P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, G-structures and wrapped NS5-branes, Commun. Math. Phys. 247 (2004) 421 [hep-th/0205050].

[3] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, Supersymmetric backgrounds from generalized Calabi-Yau manifolds, JHEP 08 (2004) 046 [hep-th/0406137].

– 26 –

[4] S. Fidanza, R. Minasian and A. Tomasiello, Mirror symmetric SU(3)-structure manifolds with NS fluxes, Commun. Math. Phys. 254 (2005) 401 [hep-th/0311122].

[5] M. Gross, Topological mirror symmetry, math.AG/9909015.

[6] W.-D. Ruan, Lagrangian torus fibrations and mirror symmetry of Calabi-Yau manifolds,

math.DG/0104010.

[7] I. Zharkov, Torus fibrations of Calabi-Yau hypersurfaces in toric varieties and mirror symmetry, math.AG/9806091.

[8] A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T-duality, Nucl. Phys. B 479 (1996) 243 [hep-th/9606040].

[9] I.M. Gelfand, M. Kapranov, A.V. Zelevinsky Discriminants, resultants and multidimensional determinants, Birkhauser, Boston 1994.

[10] V. Batyrev, Dual polyhedra and mirror symmetry for Calabi-Yau hypersurfaces in toric varieties, J. Alg. Geom. 3 (1994) 493.

[11] M. Gross, Special lagrangian fibrations, I. Topology, alg-geom/9710006; Given at Taniguchi symposium on integrable systems and algebraic geometry, Kyoto, Japan, 7-11 Jul 1997.

[12] P. Bouwknegt, K. Hannabuss and V. Mathai, T-duality for principal torus bundles and dimensionally reduced Gysin sequences, hep-th/0412268;

P. Bouwknegt, K. Hannabuss and V. Mathai, Nonassociative tori and applications to T-duality, hep-th/0412092.

[13] E. Alvarez, L. Alvarez-Gaumé, J.L.F. Barbon and Y. Lozano, Some global aspects of duality in string theory, Nucl. Phys. B 415 (1994) 71 [hep-th/9309039].

[14] M.J. Duff, H. Lu and C.N. Pope, AdS_5 × S^5 untwisted, Nucl. Phys. B 532 (1998) 181 [hep-th/9803061].

[15] A. Dabholkar and C. Hull, Duality twists, orbifolds and fluxes, JHEP 09 (2003) 054 [hep-th/0210209].

[16] S. Kachru, M.B. Schulz, P.K. Tripathy and S.P. Trivedi, New supersymmetric string compactifications, JHEP 03 (2003) 061 [hep-th/0211182].

[17] M.B. Schulz, Superstring orientifolds with torsion: O5 orientifolds of torus fibrations and their massless spectra, Fortschr. Phys. 52 (2004) 963 [hep-th/0406001].

[18] P. Bouwknegt, J. Evslin and V. Mathai, T-duality: topology change from H-flux, Commun.

Math. Phys. 249 (2004) 383 [hep-th/0306062].

[19] A. Gray and L.M. Hervella, The sixteen classes of almost hermitean manifolds and their linear invariants, Ann. Mat. Pura Appl. (4) 123 (1980) 35–58.

[20] C.T.C. Wall, Classification problems in differential topology, V. On certain 6-manifolds, Invent. Math. 1 (1966) 355.

[21] A. Z̆ubr, Classification of simply connected six-dimensional spin-manifolds, Izv. Akad. Nauk SSSR, ser. mat. 39 (1975) 839; Classification of simply connected six-dimensional manifolds, Dokl. Akad. Nauk SSSR 255 (1980) 1312.

[22] G. Perelman, The entropy formula for the Ricci flow and its geometric application,

math.DG/0211159; Ricci flow with surgery on three-manifolds, MathDG0303109.

– 27 –

[23] R. D’Auria, S. Ferrara, M. Trigiante and S. Vaula, Gauging the heisenberg algebra of special quaternionic manifolds, Phys. Lett. B 610 (2005) 147 [hep-th/0410290].

[24] Ch. Bär and M. Dahl, Surgery and the spectrum of the dirac operator, J. reine angew. Math.

552 (2002) 53-76.

[25] C. Mayer and T. Mohaupt, Domain walls, Hitchin’s flow equations and G_2-manifolds, Class.

and Quant. Grav. 22 (2005) 379 [hep-th/0407198].

[26] D. Sullivan, Infinitesimal computations in topology, Publ. Math. IHÉS 47 (1977) 269–331.

[27] T.J. Miller, On the formality of k − 1 connected compact manifolds of dimension less than or equal to 4k − 2, Illinois J. Math. 23 (1979) 253-258.

[28] T. House and A. Micu, M-theory compactifications on manifolds with G_2 structure, Class.

and Quant. Grav. 22 (2005) 1709 [hep-th/0412006].

[29] C. Le Brun, Orthogonal complex structures on S^6, Proc. Amer. Math. Soc. 101 (1987) 136-138.

[30] G. Bor and L. Hernandez, The canonical bundle of an hermitian manifold, Bol. Soc. Mat.

Mexicana 3 (1999) 5, no. 1, 187–198.

[31] S.-S. Chern, On the non-existence of a complex structure on the six sphere, Nankai Institute of Mathematics preprint, Nakai 2004.

[32] I. Antoniadis, S. Ferrara, R. Minasian and K.S. Narain, R^4 couplings in M- and type-II theories on Calabi-Yau spaces, Nucl. Phys. B 507 (1997) 571 [hep-th/9707013].

[33] A.R. Frey, Notes on SU(3) structures in type-IIB supergravity, JHEP 06 (2004) 027 [hep-th/0404107].

[34] G. Dall’Agata, On supersymmetric solutions of type-IIB supergravity with general fluxes, Nucl. Phys. B 695 (2004) 243 [hep-th/0403220].

[35] L. Andrianopoli et al., N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111 [hep-th/9605032]; General matter coupled N = 2 supergravity, Nucl. Phys. B 476 (1996) 397 [hep-th/9603004].

[36] C. Vafa, Superstrings and topological strings at large-N, J. Math. Phys. 42 (2001) 2798 [hep-th/0008142].

[37] A. Lawrence and J. McGreevy, Remarks on branes, fluxes and soft SUSY breaking,

hep-th/0401233; Local string models of soft supersymmetry breaking, JHEP 06 (2004) 007

[hep-th/0401034].

[38] J. Louis, M. Graña and D. Waldram, in preparation.

[39] N. Hitchin, Stable forms and special metrics, math.DG/0107101.

– 28 –